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Dr. Herbert W. Stoughton, P.E., L.S.

INTRODUCTION

In March 1972, Berry presented a paper by the above
title at the Annual Meeting of ACSM. The paper discussed
algorithms for the state plane coordinate systems for
1927 NAD. Various plane coordinate systems (state coordi-
nate systems, city systems, Corps of Engineers project
systems, the Great Lakes system, special engineering pro-
jects, etc.) have been designed for the purpose of simplify-
ing survey calculations from the spheroidal earth to a
plane with an orthogonal grid. The controlling design
criteria in many instances has been to restrict the maximum
difference between the geodetic length and the grid length
to one part in ten thousand throughout the area included
within the system. This was done on the assumption that if
the reduction of measured distances to geodetic lengths to
grid lengths was omitted, the surveys would meet Third-Order
accuracy (one part in five thousand). This assumption was
valid when all the distances were measured by taping, which
was normally performed to 0.01 or 0.02 feet per one hundred
feet, and thus the scale factor could be ignored.

At the time these systems were designed, this assumption
was probably valid, but supplementary tables were required to
obtain the scale factors for higher order surveys. This
meant that a scale factor was extracted from a table as a
function of latitude (for Lambert systems) or the perpendic-
ular distance from the central meridian (transverse Mercator
systems). With the advent of the hand-held computer/calcu-
lator and digital computers, then it is not practical or
efficient to store this data in the computer. Furthermrore,
the values listed in these tables are calculated to sevzn
decimal places, which is insufficient precision for .
electronic distance measurements. Also, for longer lines
it is recommended that the scale factor for a line should

be:

¢
4
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Where:

k1 = the scale factor at one end of the line (point 1).

kz = the scale factor at the other end of the line (point 2).

Ky = the scale factor at the midpoint of the line.

PART |

Hanp-Hetp CALCULATORS VERSION

The formulas to calculate the scale factors require the
geodetic position (latitude and longitude) for each point.
If the surveyor is employing plane coordinates, this requires
a transformation of the plane coordinates to geodetic posi-
tions before caleculating the scale factors. The formulas
employed to calculate scale factors appear in Part II of
this paper, and will be employed to derive the algorithms
for use on digital computers.

DErRIVATION OF THE ALGORITHM

Figure 1 is a section depicting the relationship between
a spherical earth and the projection plane. This section is
taken perpendicular to the principal axis of the coordinate
system, which for various projections is:

Lambert: The parallel of latitude approximately
midway between the standard parallels
(designated ¢°), where the scale factor

attains its minimum value. Then, Figure 1
is a meridional section.

Transverse Mercator: The central meridian of the
zone is a "mormal" section, i.e. it is
taken perpendicular to the central meridian
at the "approximate center" of the north-
south range of the zone [sce the Appendix],
and designated ¢0. (This does not trace

out a parallel of latitude.)

Hotine Skew Orthomorphic (Oblique Mercator): An
approximate geodesic line, which passes
through a specified point, and has a
specified azimuth (non-cardinal at that
point). Figure 1 is a section perpendicular
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Spherical Earth p—— Minimum Scale Factor
Model --\<| / T \

/ Projection Surfacei = s - 7P

0 (center of the earth)

Figure 1

to this line, preferably through the
specified point ('center point'), designated
¢

o .

In all three cases the spherical radius in this section
is designated Py and is calculated by:

- 22
p - a 1.. « (1)
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Where
a = the length of the semi-major axis of the reference
ellipsoid (in meters).
e? = the square of the eccentricity of the reference
ellipsoid.

2

Taeble 1 contains the numerical values of ¢ and e¢* for

1927 NAD and 1983 XAD

Table 1
Ellipsoid a (meters) 2?
1927 NAD 6,378,206.400 0.006768657997
1983 NAD 6,378,137.000 0.006694380025

The scale factor of the projection along the principal
&xis is designated / . At anv p011L P located at a distance

s, perpendlcular to the projection's prlnC1pal axis, the

scale factor is k. Disregarding conformality and assuming
spherical shape of the earth, the distance from 0 (the center
of the earth) to point @ (the point on the projected principal
axis where it is intersected by the depicted section) is

egquel to the radius, o nmultiplied by the central meridian

scale factor, ko. At point P, the distance from the center
of the earth, 0, is pok. Then, employing the Pythagorean
relationship to the right triangle QPO yields:

(o 1) = (p k )? + s°
And:
1/2
p k= [(poko)2 + sz] (2)
Recall the binomial series:

n n-1

(= + y)n = 2" + nx y + .ESE-:—ll xn—2 y2

2

+

nin - 2)(n - 2) x7h3 y3

Let:
z = (p k )?
0 o0
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y = s

n = -

Then, solving for %, ecquation (2) can be written:

. 1 7, . s -t s 1, . (-
no= (- =) + L (o = )77c® = Z(o x ) ist
o L S 9 2 LY 8 c o
T
1 y
QT a )-‘LS _ '
16 [N —‘
Rearranging:
TS L S .
4] szr 6,’,'-: 16pc-,5
¢ & G 2 [ ]
Finally:
. ] z 3 .
x = x ';1.+{l sz—'l)i-J.-{l‘S—...}
° L 12p2k2 12p%%2) 2 l2p2pt) 2 J
¢ 0 b 3 3
(3)
Let:
rz = 10713 52
15
x = _10
2p%k?
¢
Where, ¥ is a constant for each system.
Then, equation (3) is:
k=K [1. + xr2(l. - Kyr2@. - gr2 ...))] (4)
2

In practice, the fourth term is insignificant and can be
disregarded. The third term is required only when the scale
factor, k, is required at the extreme width of the system
(greater than seventy miles from the principal axis).

It remains to develop formulae {or the computation of
¢, thus I (the distance from the principal axis) for any
point P defined by its plane coordinates (& - east; v - north).




Transverse Mercator Systems.

rz = (z - xo)z #1015 (5)

n
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a
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x = the r-coovdinzte of the system
o in Table 2).

weridian (listed

1/2
2 = . . VI - R f..ipm—i5 -
re o= ia - (- “n) F(E - ) T) o™ (6)
Where:
a, = the constant for each system [listed in Table 2].
2 = the constant for each system [listed in Table 2).

Hotine Skew Orthomorphic (Oblique Mercator) Systems.

r* = [(x - 2 )cos y - (y -~ y )sin y J* #1077 (N
\nere:
r = x-translation counstant for ecch system [listed in Table
0 3]).
y = y-translation constant for each system [listed in Table
o 3].
Yy = azimuth of the principal axis at the center point

¢ [listed in Table 3].

The data in Table 2 refers to the North American Datum
of 1927. A similar set of numerical values of X must be
calculated for 1983 NAD. At this time (1981) it is inappro-
priate to prepare similar tables, as it is unknown whether
the states will retain the current systems and defining par-
ameters. For the transverse Mercator systems these parameters
(other than the ellipsoid and datum) the central meridian,
X , and the scale factor along the central meridian, ko, and

0
the z-coordinate of the central meridian, z= , need to be
0
defined. Historically, ¢ was arbitrarily selected at the
0

midgeodetic latitude of the zone, rounded te the nearest five
nminutes of arc [except for Alaska and Delaware]. If the
basic design of the existing transverse Mercator system is
identical to the present desipgn, ¢0 listed in Table 2 is

acceptahble for calculating XK. Then, for 1983 NAD the
equation to calceulate & is:
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In meters:

. = 12.3736955 (1. - 0.006694380025 sin? )

D= e e )

In meters:
g _ 2y 2
¥ = 12.3736955 (1. 0.006694380025 1°) (8-c)
kz
o
In feet:
o _ 242
X = 1.14955853 (1. 0.006694380025 1°) (8-d)
k2
0
Accuracy OF ALGORITHM
The question to be answered is: '"How good is the
310;1127"7” A cemparison was made between the scale factors
publisihed in the ”projection tables'" and computed by the
algoritkm. Table 4 is a comparison of the scale factors
calenlate d by equation (4) and published in the projection
tables. California, Zone 1, was selected for the cecmparison
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Table 4

Comparison Of Scale Factors - Lambert System

K
(a2lgorithm)
0.99689%6
0.9598946

1.6223004
1.06000226
1.0000469
1.0000732
1.0001017
1.0001323
1.0001650
1.0001998
1.0C023567

k diyfer.
(*10'7)

(published)
0.99929%6
0.9998946

0.9599464
0.9999622
0.9999801
1.0000000
1.0000220
1.0000461
1.0000723
1.0001005
1.0001308
1.0001632
1.0001977
1.0002341

O 0 N NN = = == 0O O O O

—
N

15

21
26

(California, Zone 1)

ratio
(1./diff.)
1:10,600,C00
1:10,0090,C00
1:10.600,000
1:10,005,.€52
15,000,000
:5,000,000
:3,333,000
:2,500,009
:1,667,000
:1,250,000
:1,111,000
1:833,000
1:667,000
1:555,000
1:476,000
1:38%,000

el T

The version of equation (4) ehployed was:

linere:

Kr2(l. - 0.5xr2)]

S

.9

O

L
N o

46358

o~ O
Pt
i~ 0
— O
CN

11.6
17.4
22.1
28.9
3.6
£0.4
6.1
51.9
57.6
63.4
69.1
74.9
80.6
86.4
92.1
97.9
103.6
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y = y' (from projection tables)

At the extreme limits of the values in the projection tables
(over cne hundred niles from the principal axis) the retio

of the differsznce in the twc scale factors exceaeded one part
in 380,000. At the gcographical limits of the zone, the
ratio of the difference in the scale factors is one part in
600,000. Incorporaticn of acditional (higher order) terms in
equaticn (4) did not alter the values listed in Table 4.

New Mexico, East Zone, was selected, and equation (4-a)
was employed. For the renge of values listed in the projection
tables the scale factcr wae calculared, and the results licsted
in Table 5. There is nc difference between the numerical
valyes of the scale factors, The gbserved difference in th=
seventh decimal place can be ateributed to numerical roundoff,
and not to any systematic factors.

Table 5
Comparison Of Scale Factors - Transverse Mercator System
(New liexico, East Zone)
r k k differ. T

(feet)  {zlgovithm)  (publisha2d)  (*1077)  (miles)
0 0.9999091 0.9999091 0 0.0
25,000 0.9995098 0.95999098 0 4,7
50,000 0.8995120 0.9999121 1 9.5
75,000 0.9999155 0.9999156 1 14,2
100,000 0.9995205 0.9959205 0 18.9
125,000 0.9999270 0.9999270 0 23.7
150,000 0.9999348 0.9999348 0 28.4
175,000 0.9999441 0.9999441 0 33.1
200,000 0.9999549 0.9899549 0 37.9
225,000 0.9999670 0.9699671 1 42.6
250,000 0.9599306 0.95959826 0 47.3
275,000 0.99953957 0.9955956 1 52.1
300,000 1.0000121 1.0000121 0 56.8
325,000 1.0000300 1.0000300 0 61.6
350,000 1.0000493 1.0000493 0 66.3
375,000 1.0000701 1.0000701 0 71.0
400,000 1.0000%22 1.00690922 0 75.8
425,000 1.0C31152 1.0C01158 0 80.5
450,000 1.00u120s 1.6631202 1 85.2
475,000 1.0001673 1.0001674 1 90.0
500,009 1.0001952 1.0031953 1 94.7
525,002 1.0002245 1.02022%8 0] 99.4
530,059 1.030233% 1.CC02500 0 100.4
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AppLicaTiON To UTH

in the previous discussicn, the algorithm was applied
to systems with relatively narrow rorch-couth extent.
Excluding Alaska, the maximum charge in latitude is about
three degrees of arc. The UIM systems =xtsnd over the range

"”o?{ﬁﬁiﬁ)to 80°S. Thercfore, a single numerical value of X

may nct be appropriate. Table 6 lists the numerical vealues
of X fur every 2.5 degrees of latitude for the existing
systems for metric coordinates [Clarke 1866 ellipsoid and
K, = 0.9996000060].

Tahle 6

Values Of X For Intevvals Of 2.5 Pegrees Of Latitude
(Clarke 1866 Ellipscid}
[metric covordinates]

¢c K ¢c X ¢c K

0.0 12.3842570 32.5 12.3359054 65.0 12.2469335
2.5 12.3839380 35.0 12.3231634 67.5 12.2415725
5.0 12.2323635 37.5 125122056 70.0 2.23660611

7.5 12.3814£009 L0600 12 3132851 72.5 12.2322363
10.0 12.3792023 42.5 12 2078562 75.0 12.2223317
12.5 12.3764045 45.0 12.3305740 77.5 12.2249766
15.0 12.3730291 47.5 12.2932940 80.0 12.2221963
17.5 12.3691021 50.0 12.2860716 82.5 12.2200119
20.0 12.3646535 52.5 12.2789615 85.0 12.2184397
22.5 12.3597174 55.0 12.2720179 87.5 12.2174916
25.0 12.3543318 57.5 12.2652934 90.0 12.2171748
27.5 12.3485379 60.0 12.2588389

30.0 12.3423801 62.5 12.2527035

The value of X chanzes with latitude in a nonlinear
manner, but is relatively insensitive to small changes (a
few tens of minutes of arc) in latitude.

Let:
15
¥ = 10 (9
o 2¢%(1. - ez)k:
And:
o = _Y_ (in radians) (10)
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Where:
wo= L (1. - %) {1 + .2 S+ 4&2 SR 175 csl
: ! ¢t 2556
(1)
PR
kK - kK (1. - e¥sin?e)’ (12)
¢
Vool o
a the semimajoer exis c¢r the ellipsord (1n meters).
1 L . K
¢ the squate of the eccentricity of the ellipsoid.
k the scelc factor alang the centre! meridian of the
°

projecticn sSystem
For the Clarke 1B€6 ellipsord (1927 NAD), cgquation (12)
[for metric ccerdinates) (ko = 0 9796C0CCOC) is:
8" - 0.0223938s5 _Y
k
¢
(oo <" is s vl @ in secead s of arc.)
XK = 12 WL257 (). - ©.00676&4557997 sin’e)?
(12-a)
For the 1983 [AD ellipsoid, equation (12) [for metric

coordinates] (ko = 0.99%00000G0) is:

8" = 0.03239363

4
0

-
It
[
N
(OS]
[ o
Lo
181
[
(oo
~~
j—

- 0.005594380025 sin®6)?
(12-b)

If the project does not extend more than about two
degrees in latitude, select a mean y-coordinate for the pro-
ject to calculate €. There will be no Iocs In praciniow.

Ffurthermore, to ret2in a vrecision ¢l one in thr ninth
decimal place of the caijuted scals facter, the last ternm

given in equation (4) [~ ¥r-] st be incorpovrated for dis-

tances greatey than 250 kilomerirs from the central meridian.,
For shortor distances from tie conural -oridian, ecuatien
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ParT 2
DicitAaL CompuTER VERSION

The previous material discussed an algorithm for com-
puter/calculator with limited data storage capability. With
" programmable computers, an algorithm can be developed to
employ the plane coordinates and the published equations that
. require the geodetic positions. These algorithms will con-
vert the given coordinates to requisite geodetic values for
computing the scale factors.

TRANSVERSE MERCATOR SYSTEMS

The formula to calculate scale factors from a given set
of plane coordinates, x and y, requires the footpoint geodetic
latitude, ¢l. The footpoint latitude at the point is calcu-

lated from the y-coordinate. To calculate ¢1 requires the

meridional arc length from the equator. Except for UIM
systems, the origin of the y-coordinates (y = 0) is a
parallel of latitude between the equator and the "working"
area of the system. This requires a constant, Y, for each

zone. To obtain tne numerical value of Y, (for the precision
required), let:

A =1.+ 324 4 0y 175
0 4 64 256
A = -2 e? +-l2 e + 222 e®
! 4 16 512
A = 15 vy 105 ¢
2 128 512
A = E e
3 1535
Then (in maters):
— - A2 e q;_‘\—' . e
yo = a(l. e®) [Aogr + hIS—L 29 + A251n 1%
+ Aasin 6?] (13)
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Where:

a = the semimajor axis of the ellipsoid (in meters).

e? = the square of the eccentricity of the ellipsoid.

¢ = the geodetic latitude of the origin of the coordinate

system. Note: the subscript r designates the angle in
radians.
The value of Y, is a constant for a zone. The next step

is to calculate the footpoint latitude. This is performed in
two steps.

en = u(u + u ) (l:})

Where: y and y, are in meters, and u is a constant for an

ellipsoid (listed in Table 7). 0" is the approximate value
of the latitude in seconds of are. Then, the footpoint
geodetic latitude, ¢1’ is:

¢, = 0+ B sin 20 (15)
Table 7
Ellipsoid M B
Clarke 1866 (1927 NAD) 0.03239388 5253
1983 NAD 0.03239363 5195

nty

The units of the term "8 sin 26" in equation (l5) is seconds
of arec.

Then, let:
t = tan 4
1 1
2
n? = e cos?¢
1 1. - ¢ !
a
! /l - 5..':12,"
1
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Then, the scale factor is:

9”f + 4nt - Zacznf(l. + ni)))]} (16)
1 !
t
[¢]

The precision of ecuation (1€) is sufficien
for the UTH systems as well as the state plane coordinate
srtoims.

The procedure for calculeting the scale factor utilizes
a c¢iilgrent set of formulas, but employs an anzlogous pro-
ceduve. Tor ezoh Lamberc syste:, tae following censtants are

provided: 2 , and ¥. Note: the ¥ just

Y
2, )
mentioned is not the constan
to culculace the scale facto

z I (sin ¢°

t, ¥, that was emploved earlier
rs in Part 1 of this péaper.

Then:
x -~
6 = arctan g
R, - Y
b
| 1/1
i = 2 arctan 0
¥sin 6

R S 10%e” {1. + fj ¥§.+ 32)} sin 2u
2

0. 15527306

The units of the sccond term in this equation is seeonds of
Then, the scale factor is:

P _ ,.:»;' 2
L /1. > winto 1
. - ¢}

oo cccdotic lacitede, o, emploved in equratica (17) =rill be
arorst Loto Losier then Jive seccn i of ave.  Tins i
TR0 o oo oot saviae to 21 R SSES R RSV
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APPENDIX

STATE PLanEe

v
—
s
m

CALCULATICH OF,ﬁ Fo

0
CocapinaTes - Trapsvease MERCATOR SYSTE!S

by
Dr. Herbert W. Stough:on, P.E., L.S.

In the "Teble Cf Comstants'” [eirther page 7 or paze 10
c the "preojecticn tables'" fer rhe state] is listed thne
17 — . - .
numerizal walue "log {————{" nis number is 2 function
' 2
£ 6o
‘ Lop J
&I toe geccatic laticude ) fzzzarch faille oo loczte the
2
'eives of ¢ for all the transverss lercafor systems in the
o :

United States. This Apvendix contains a derivation to
calculate ¢o based upon the nure al values listed in the

vy .

aforementioned "Table 0Of Constants .

The symbol P, 1s the "mean radius" of the erlipsoid

for geodetic latitude ¢°.
p = [r, & (A-1)

Where:

a(l. - 2?) (A-2)

1] = (:\—3)

?
Wharo:
@ = equatorinl radius (seuinnjor cwis) cf the ellipscid (in
imztars)
e? = the squire of the cecontricios of the ellipseoid.
Substicuring equivicn (A-2) and (4-3) into ecuntion (A-1)
R I I
J - -
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The formula to calculate "log [~}?1 " [based upon U.S.C.&G.S.
6o
T o

Special Publication Nos. 193 and 195] is:

2
Tl ] (l. - :’:‘ZSiHZQ )2 1200 -]
logj —! = log . ‘ + 20
iépi] kz a?(l. - &%) 3937/
(A-4)
% = the scale factor alcng the central msridian cf the cystem.

v

The constant 20. is acdded to obtein a positive characteristic.

Tor the Clarke 10665 ellipsocic (1927 RiD):

a 6,378,206.400 meters

ez

0.0067686580

Then, eguation (A-4) is:

2,32 27
log [—-1—} = log [3.83206='=10“5 (1. - e%sin‘o )" | , 99,

6p? k2 ,
Py 0 -
(A-4a)
Let:
1
v = log | —
6p
T znunation (A-%2) can bo vricoa:
v = log 3.83206%107*% + 2 lo3 (1. - cZSinzga)
- 2 loeg 2+ 20. (..-5)
Thr nuosoicnl owalus of ; aaoin g "Tobie GOF
Comamantg! Rzerronzing equaticn (U-5) yizids
1
o (1 Zegin?y ) - = - S BRI MESTREN pal
0 ’ZL
1
2 1o 0 - 27y {
<2 3 J /
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Equation (A-6) contains the known quantities [y and ko]

cn the right side of the equation, and the unknown quantity,
2 ¢n the left side of the ecuation.

a i=
"L
Lat
_ﬂl".- 1 fallo Re Walkt v =15 L 2 lo-~ f)o—:
leg o — .y - log 3.83Z0e1u + e & -
7! .
Then, equation (A-6) czn bz written
log (1. - o sin®; ) = loz o (A-7)
[T
1 _ .. s2 =
Andg:

D
[§)
0n
oy
o]
[®
R
o
Il
}—l
]
1=

1 -
S = .
v " e...

Finally:

(A-8)

¢ = arcsin
0

I, Ralph iirnra Barry, nov

2. U.S. Coast and Gecdetic v ospecial g 50. 133,
3. U.S. Coast and Geodetic Survey Soecial Pudblication No. 195
L. U.S. Coast and Geodetic Survey Special Pudbliicction No. 251.







